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Abstract
Ocean surface infragravity waves (periods from 20 to 200 s) observed along the south-
ern California coast are shown to be sensitive to the bottom topography of the shelf
region, where propagation is linear, and of the nearshore region, where nonlinearity
is important. Infragravity waves exchange energy with swell and wind waves (periods
from 5 to 20 s) via conservative nonlinear interactions that approach resonance with
decreasing water depth. Consistent with previous results, it is shown here that as
waves shoal into water less than a few meters deep, energy is transfered from swell
to infragravity waves. In addition, it is shown here that the apparent dissipation of
infragravity energy observed in the surfzone is the result of nonlinear energy trans-
fers from infragravity waves back to swell and wind waves. The energy transfers are
sensitive to the shallow water bottom topography. On nonplanar beach profiles the
transfers, and thus the amount of infragravity energy available for reflection from the
shoreline, change with the tide, resulting in the tidal modulation of infragravity en-
ergy observed in bottom-pressure records on the continental shelf. The observed wave
propagation over the shelf topography is dominated by refraction, and the observed
partial reflection from, and transmission across, a steep-walled submarine canyon is
consistent with long-wave theory. A generalized regional model incorporating these
results predicts the observed infragravity wave amplitudes over variable bottom to-
pography.
Thesis Supervisor: Steve Elgar
Title: Senior Scientist, WHOI
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Chapter 1
Introduction
Infragravity waves are oscillatory motions of the ocean surface with periods of or-
der one minute. These waves are strongest near the shoreline [Guza and Thornton,
1985], where usually they are coupled to higher frequency surface motions (swell and
wind waves) [Elgar et al., 1992]. Most observations of infragravity waves have been
in regions with gently varying bottom topography [Herbers et al., 1995b]. Here, in-
fragravity waves propagating over rapidly varying topography are investigated using
field observations, analytic theories, and numerical models. The specific objectives
are to:
• identify the sources and sinks of infragravity motions,
• determine the cause of a tidal modulation of infragravity energy observed at
offshore locations, and
• test a long-wave prediction for the reflection and transmission of infragravity
waves from a steep-walled submarine canyon.
The results are generalized to formulate a descriptive regional model. Although a
full scale modeling effort is beyond the scope of the thesis, the results identify the
processes that should be included to model infragravity waves accurately, and indicate
several possible improvements to existing models.
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1.1 Thesis Outline
Background information on infragravity waves, a review of previous work, and general
information regarding the field data collection are presented in Chapter 1. Results
from detailed process studies are presented as independent articles (i.e., separate
abstracts and bibliographies) in Chapters 2 and 3.
Chapter 2, “Tidal Modulation of Infragravity Waves via Nonlinear Energy Losses
in the Surfzone,” is an extension of Thomson et al. [2006], and demonstrates that
infragravity wave energy is transfered to swell and wind waves in the surfzone, in
contrast with the well-known transfer of energy to infragravity waves from swell and
wind waves via nonlinear interactions in deeper water. This energy loss is enhanced
over the low tide beach profile, resulting in the tidal modulation of infragravity energy
observed offshore.
Chapter 3, “Reflection and Tunneling of Ocean Waves Observed at a Submarine
Canyon,” is an extension of Thomson et al. [2005], including a detailed methods
section published online only, and describes the observational validation of a long-
wave theory for the partial reflection and transmission of infragravity waves at a
steep-walled submarine canyon.
Chapter 4 summarizes the results and suggests a descriptive model for the regional
distribution of infragravity energy based on the results in the previous chapters.
1.2 Background
Infragravity waves (surface gravity waves with periods of 20 to 200 s) were first ob-
served as a “surf beat” modulation coincident with groups of narrow-banded swell
(periods of 10 to 20 s) and having the period and wavelength (∼ 500 m) of the groups
(Figure 1-1) [Munk, 1949, Tucker, 1950]. Subsequent investigations have shown that
these waves are important to alongshore currents in the surfzone [Sasaki, 1976], sed-
iment transport near the shoreline [Bauer and Greenwood, 1990], oscillations in har-
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Figure 1-1: Sea-surface elevation versus distance showing a group modulation in swell
(periods from 10 to 20 s) waves (solid curve) and the accompanying forced infragravity
(period from 20 to 200 s) wave (dashed curve). Group modulations are caused by the
beating of neighboring frequencies, and the resulting infragravity wave is forced at the
corresponding difference, or beat, frequency. In deep water, the forced infragravity wave
remains small (amplitudes of a few cm). In shallow water, the forcing is near-resonant
and large (1 m) amplitude infragravity waves can occur.
bors [Okihiro et al., 1993], and fluctuations in seismic records [Dolenc et al., 2005].
In deep water, nonresonant nonlinear quadratic interactions between swell waves
produce forced infragravity motions [Hasselmann, 1962]. Using a slowly varying
(WKBJ) approach in finite depth, this forcing can be expressed as excess momentum
flux owing to the swell groups [Longuet-Higgins and Stewart, 1962], and is consistent
with observations [Elgar et al., 1992, Herbers et al., 1994]. As waves enter shallow wa-
ter, the quadratic nonlinear interactions approach resonance, and in water less than
a few meters deep significant energy can be transfered from wind waves to infragrav-
ity motions over a few hundred meters of propagation [Gallagher, 1971, Elgar and
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Guza, 1985, Herbers et al., 1995b, Ruessink et al., 1998; and others]. Thus, energy
at infragravity periods usually is low in the deep ocean and increases as water depth
decreases, reaching amplitudes up to 1 m at the shoreline (Figure 1-2).
When the swell waves break and dissipate in the surfzone, the infragravity waves
are released and propagate towards the shoreline as free waves [Herbers et al., 1995a].
Recent analysis suggests that in the surfzone infragravity waves transfer some energy
back to higher frequencies [Thomson et al., 2006, Henderson et al., submitted, 2006],
before reflecting from the shoreline [Suhayda, 1974, Guza and Thornton, 1985, Nelson
and Gonsalves, 1990, Elgar et al., 1994, Sheremet et al., 2002]. Reflected infragravity
waves can be refractively trapped (i.e., edge waves) close to the shore in a topographic
wave guide [Eckart, 1951, Huntley et al., 1981, Oltman-Shay and Guza, 1987; and
others] or can propagate to deep water obeying the linear finite depth dispersion
relation
ω2 = gk tanh kh, (1.1)
where ω is the radian frequency, g is the gravitational acceleration, k is the wavenum-
ber, and h is the water depth [Mei, 1989, §1.4]. Infragravity energy levels observed
seaward of the turning point for edge waves are dominated by free waves (i.e., leaky
waves) and characterized by broad frequency-directional spectra [Elgar et al., 1992,
Herbers et al., 1995a].
Previous investigations of infragravity waves have focused on regions with along-
shore homogeneous bathymetry. Consequently, the possible affects of rapidly varying
topography on infragravity wave propagation were untested [Holman and Bowen,
1984] prior to the recent observation of infragravity reflection and transmission at a
submarine canyon [Thomson et al., 2005]. By incorporating the observed strong re-
flections into standard ray tracing techniques, and applying a conservative nonlinear
energy balance [Thomson et al., 2006], predictive models for infragravity waves can
be improved.
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Figure 1-2: Spectral energy density of sea-surface elevation (cm2/Hz) versus frequency
(Hz) from h = 15.0 (solid curve), 2.5 (dashed curve), and 0.5 m (dotted curve) water
depths observed on November 10, 2003 at 2100 hrs PST. This example of spectral evo-
lution shows the well-known growth at infragravity frequencies (0.005 to 0.05 Hz) with
decreasing water depths, as well as the dissipation owing to breaking at swell and wind
frequencies (0.05 to 0.2 Hz) in shallow water (depths less than 2.5 m), such that infra-
gravity motions dominate the spectrum in the shallowest depth (dotted curve). The 95%
confidence interval, based on a χ2 distribution with 42 degrees of freedom [Priestley,
1981], is shown in the upper right corner.
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1.3 The Nearshore Canyon Experiment
Data used in this thesis were collected as part of the Nearshore Canyon Experiment
(NCEX) during the fall of 2003. Specific information regarding data and methods is
presented within Chapters 2, 3, and 4. This section presents additional information.
An array of bottom-mounted current meters and pressure gages was maintained
along the southern California coast from September to December, 2003 (Figure 1-3).
The NCEX array was designed to study waves and currents near and onshore of two
steep submarine canyons. Additional instruments were deployed to study nonlinear
wave evolution (Chapter 2) across the surfzone and nearshore region at the northern
end of the array (y = 2.7 km, Figure 1-3), and to study partial wave reflection
(Chapter 3) from La Jolla canyon (y ≈ −1.0 km, Figure 1-3). The data include a
range of wave (Figure 1-4) and atmospheric (not shown) conditions.
Colocated pressure and velocity data were collected hourly at 2 Hz for 3072 s
(51 min), although for a three-week period some data were collected at 16 Hz and
then subsampled to 2 Hz during the analysis. Setra pressure gages without colocated
velocity measurements sampled continuously at 2 Hz throughout the experiment, in-
terrupted by one (or two for some instruments) turn-arounds. In depths greater than
3 m, the colocated current meters (SonTek and NorTek acoustic Doppler velocime-
ters) and pressure gages (ParoScientific and Druk resonant pressure transducers) were
mounted on fixed platforms within 1 m of the seafloor. In depths less than 3 m, the
pressure gages were buried up to 1 m to prevent flow noise [Raubenheimer et al., 1998].
After initial quality control to remove bad data, power spectra of pressure and each
of the three velocity components were calculated by subdividing the 3072 s records
into 1024 s windows with 75% overlap between adjacent windows, Fourier transform-
ing the data, and merging every seven neighboring frequency bands. The resulting
spectral values have 42 degrees of freedom [Priestley, 1981], and are corrected for
attenuation by the water column using linear finite depth theory (i.e., attenuation is
assumed to be proportional to cosh(kh) [Mei, 1989, §1.4]). In a test with two inde-
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Figure 1-3: Nearshore Canyon Experiment instrument array (symbols) and bathymetry
(shaded surface) using a local coordinate system (origin at the foot of the Scripps pier:
32.866◦ N, −117.256◦ W) along the southern California coast (tan region). Bottom
mounted instruments measured pressure (open symbols), and pressure colocated with
velocity (filled symbols) for two months during the fall of 2003. Water depths range from
over 100 m (dark regions) in the Scripps (northern) and La Jolla (southern) canyons to
0 m at the shoreline (boundary between the light blue shading and tan region).
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pendent instruments deployed at the same location, the cross-spectra of pressure and
velocity from the two instruments were coherent above the 99.9% confidence level in
the frequency bands of interest (0.005 to 0.25 Hz).
Offshore bathymetry (Figure 1-3) was surveyed using shipboard acoustic equip-
ment prior to the experiment. Nearshore bathymetry was surveyed both prior to,
and weekly during, the experiment using a customized personal watercraft equipped
with a Differential Global Positioning System (DGPS), gryoscope, and sonar trans-
ducer. In addition, the acoustic current meters in less than 3 m depth estimated
the distance to the slowly changing seafloor every hour. The offshore bathymetry has
vertical errors of ±10 cm and horizontal errors of ±50 cm. The nearshore bathymetry
has vertical errors of ±10 cm and horizontal errors of ±5 cm. Changes in nearshore
bathymetry observed during the experiment were not sufficient to alter the results
of the nearshore study (Chapter 2), and thus a single survey from October was used
throughout the analysis.
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Figure 1-4: (a) Nearshore infragravity variance, (b) offshore swell variance, (c) and off-
shore mean wave period measured hourly at the northern transect (y = 2.7 km) versus
time during the Nearshore Canyon Experiment. Chapter 2 uses data from October 25 to
November 21, when additional instruments were deployed in the inner surfzone. Chap-
ter 3 uses data from October 1 to October 15 and November 24 to December 8 (not
shown), when instruments were deployed on either side of La Jolla Canyon. Chapter 4
uses averages from the entire two-months of data, and thereby includes the full range
of wave conditions. The mean wave period was calculated as the weighted (by energy)
average period of hourly pressure spectra (i.e., the period corresponds to the centroid of
the energy spectrum), after correcting for water depth attenuation. The nearshore data
(a) are from instruments in approximately 2.5 m water-depth, and the offshore data (b
and c) are from instruments in approximately 15 m water-depth.
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Abstract
The strong tidal modulation of infragravity (20 to 200 s period) waves observed on
the southern California shelf is shown to be the result of nonlinear transfers of energy
from these low-frequency long waves to higher-frequency motions. The energy loss
occurs in the surfzone, and is stronger as waves propagate over the convex low-tide
beach profile than over the concave high-tide profile, resulting in a tidal modulation
of seaward-radiated infragravity energy. Although previous studies have attributed
infragravity energy losses in the surfzone to bottom drag and turbulence, theoretical
estimates using both observations and numerical simulations suggest nonlinear trans-
fers dominate. The observed beach profiles and energy transfers are similar along
several km of the southern California coast, providing a mechanism for the tidal
modulation of infragravity waves observed in bottom-pressure and seismic records on
the continental shelf and in the deep ocean.
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2.1 Introduction
Infragravity surface waves (periods between 20 and 200 s) are observed throughout
the deep [Webb et al., 1991] and coastal [Munk et al., 1956, Tucker, 1950] oceans, and
are strongest near the shoreline [Guza and Thornton, 1985, Elgar et al., 1992, and
many others], where they force circulation [Kobayashi and Karjadi, 1996] and trans-
port sediment [Holman and Bowen, 1982]. Although infragravity motions complicate
seismic monitoring [Dolenc et al., 2005], they may be useful for tsunami detection
[Rabinovich and Stephenson, 2004].
It is well known that infragravity motions are generated by nonlinear interactions
between higher-frequency (periods between 5 and 20 s) swell and wind waves [Longuet-
Higgins and Stewart, 1962, Herbers et al., 1995b], but the causes of energy loss are
not understood. Previous studies have attributed infragravity energy loss to bottom
drag [Raubenheimer et al., 1995, Henderson and Bowen, 2002] and to breaking [van
Dongeren et al., 2004].
Tidally-modulated infragravity motions have been observed on the inner-shelf
[Okihiro and Guza, 1995], and in regional seismic records [Dolenc et al., 2005], possibly
contributing to free oscillations of the Earth [Rhie and Romanowicz, 2004, Tanimoto,
2005]. The reduced infragravity energy observed at low tide has been hypothesized to
originate near the shoreline, where tidal variations of the surfzone width and beach
slope might affect infragravity generation, dissipation, or reflection [Okihiro and Guza,
1995].
Here, new observations of a tidal modulation on the southern California coast
(Figure 2-1) confirm a nearshore origin, and show that the primary cause is an en-
hancement of energy loss over the low-tide surfzone bottom profile. Infragravity en-
ergy is transferred to higher-frequency motions in the surfzone through near-resonant
nonlinear interactions between triads of wave components (i.e., a reversal of the infra-
gravity generation mechanism). These nonlinear transfers are sensitive to the surfzone
bottom profile, and thus tidal sea level variations over the non-uniform beach pro-
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Figure 2-1: (a) Infragravity wave (0.005 < f < 0.05 Hz) variance (cm2), (b) water depth
(m), and (c) swell and wind wave (0.05 < f < 0.25 Hz) variance (cm2) versus time. The
hourly values are from a pressure gage mounted near the seafloor in 15-m water depth,
750 m from the shoreline on the southern California coast, 2.7 km north of the Scripps
pier (Figure 1-3). The infragravity variance is correlated (r2 = 0.7 for the data shown
here, and r2 = 0.6 for the 50-day period [Oct - Nov 2003]) and in phase with the diurnal
and semi-diurnal tides, and is only weakly correlated (r2 = 0.3 here and for all the data)
with the variance of the swell and wind waves (although the correlation [r2 = 0.6] with
swell alone [0.05 < f < 0.10 Hz] is higher). Time series from the rest of the 50-day
deployment are similar.
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duce tidal changes in the infragravity energy observed offshore (Figure 2-1). Recent
analysis of observations from a North Carolina beach also demonstrate nonlinear in-
fragravity losses, but without a tidal modulation of infragravity energy [Henderson
et al., submitted, 2006].
2.2 Field Observations
Measurements of surface-wave-induced pressure and velocity were collected (at 2 Hz)
along a cross-shore transect extending from 15-m water-depth to the shoreline near
Torrey Pines State Beach in southern California (Figure 2-2c). Assuming shore-
normal linear wave propagation in shallow water, shoreward (F+) and seaward (F−)
infragravity energy fluxes were estimated from the observations of pressure (P ) and
cross-shore velocity (U) as [Sheremet et al., 2002]
F± =
√
gh
4
∫ (
PP (f) +
(
h
g
)
UU(f)±
(
2
√
h
g
)
PU(f)
)
df, (2.1)
where PP and UU are the auto-spectra of pressure and cross-shore velocity, respec-
tively, PU is the cross-spectrum of pressure and cross-shore velocity, and the integral
is over the infragravity frequency (f) range (0.005 < f < 0.05 Hz). In the linear,
shallow-water approximation the group velocity is given by Cg =
√
gh, where g is
gravitational acceleration and h is the water depth.
The infragravity variance of the 1-hr records observed in 15-m water depth (Figure
2-2c) is correlated with the tide (Figure 2-1). Averaged over the 50-day deployment,
the infragravity variance at low tide was about 1/4 the variance at adjacent high
tides, although larger modulations and other variability are present (e.g., October 19
and 20, Figure 2-1).
Infragravity wave energy can be trapped near the shore as low-mode edge waves
[Huntley et al., 1981, Oltman-Shay and Guza, 1987], and may include contributions
from shear instabilities of the alongshore current [Oltman-Shay et al., 1989, Bowen
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Figure 2-2: (a) Infragravity and (b) swell- and wind-wave energy flux (cm3 s−1) and (c)
water depth (m) versus cross-shore distance (m) along the y = 2.7 km transect (Figure
1-3). Symbols in (c) show the locations of colocated pressure gages and current me-
ters deployed for a 21-day period (squares) that included 4 days (triangles) of additional
instrumentation in the surfzone (region labeled ’sz’). Energy fluxes are means from ap-
proximately 45 high (blue-dashed curves) and 45 low (red-dotted curves) tide 1-hr data
records spanning the 21-day period. Shoreward (“upper” curves with .) and seaward
(“lower” curves with /) infragravity energy fluxes are shown in (a), whereas only shore-
ward swell- and wind-wave energy flux is shown in (b) because the corresponding seaward
energy flux is negligible.
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and Holman, 1989]. These processes were neglected here, because the tidal modu-
lation was observed far offshore of the trapping region, and the records (20% of the
total) for which shear instabilities contributed more than 30% of the total infragravity
velocity variance [Lippmann et al., 1999] were excluded.
The cross-shore structure of the observed infragravity energy fluxes (Figure 2-2a)
suggests that the reduction in total (shoreward plus seaward) infragravity variance off-
shore of the surfzone (approximately x > 100 m in Figure 2-2) at low tide is caused by
a reduction in F−. In the surfzone, F− originates primarily from shoreline reflection
of F+ [Guza and Thornton, 1985, Elgar et al., 1994, and others]. However, reflection
coefficients
(
R2 = F
−
F+
)
estimated from observations at the most shoreward instru-
ment are approximately 1 regardless of the tide (not shown), suggesting the offshore
tidal modulation of F− must be caused by a surfzone modulation of F+.Outside the
surfzone, shoreward infragravity energy flux F+, which contains contributions from
remote sources [Elgar et al., 1992, Herbers et al., 1995a] and from local generation
by nonlinear interactions with swell and wind waves (0.05 > f > 0.25 Hz) [Herbers et
al., 1995b], is similar at low and high tides (Figure 2-2a). Thus, the tidal modulation
of infragravity variance appears to arise from a tidal modulation of the shoreward-
propagating waves inside the surfzone before waves reflect from the beach (Figure
2-2a).
2.3 Analysis
To compare low- with high-tide observations, instrument locations are normalized
by the width of the surfzone for each record, so that the nondimensional cross-shore
coordinate xsz is 0 where the mean sea-surface intersects the shoreline, and is 1 at the
seaward edge of the surfzone (defined as the location where the incoming swell- and
wind-wave energy flux [equation 2.1 integrated over 0.05 < f < 0.25 Hz] drops below
85% of the flux in 15-m water depth). Cross-shore gradients d
dx
of the infragravity
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energy fluxes F± (equation 2.1) are calculated dimensionally using the difference
between adjacent observations, and then are mapped to the normalized coordinate.
Energy flux is conserved by linear shoaling waves, and nonzero dF
±
dx
values give the
net rate of infragravity energy flux gain or loss.
The gradients of shoreward energy flux averaged over low and high tides indicate
there is a net increase in F+ in the shoaling region and the outer surfzones (curves
in Figure 2-3a, dF
+
dx
> 0 for xsz > 0.7) and a net loss in the inner surfzone (Figure
2-3a, dF
+
dx
< 0 for xsz < 0.7). The inner-surfzone losses (i.e., the area under the
curves for xsz < 0.7 in Figure 2-3a) during low tide are several times larger than
during high tide, reducing the amount of infragravity energy available for reflection
at the shoreline, and producing the reduction in total variance (Figure 2-1a) observed
offshore. Gradients in the seaward energy fluxes dF
−
dx
are small at low and high tides
(not shown).
2.3.1 Nonlinear Energy Balance
In shallow water, near-resonant nonlinear interactions result in rapid energy transfers
between triads of surface-gravity waves [Freilich and Guza, 1984]. The change in
energy flux at frequency f consists of contributions from interactions with pairs of
waves such that the sum or difference of their frequencies equals f . Using a slowly
varying (i.e., WKBJ), weakly-nonlinear energy balance [Herbers and Burton, 1997]
based on the inviscid Boussinesq equations [Peregrine, 1967], the net change in shore-
ward energy flux F+ at frequency f is proportional to the integral of the imaginary
part of the bispectrum B [Hasselmann et al., 1963, Elgar and Guza, 1985] over all
frequency pairs (f ′, f − f ′) with sum frequency f , such that [Norheim et al., 1998,
Eq. 2.1 in flux form],
dF+
dx
=
1
h
∫ (
3pif
∫ +∞
−∞
Im [B(f ′, f − f ′)] df ′
)
df, (2.2)
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where the outer integral is over the infragravity frequency range to match the flux
calculation (equation 2.1). The dominant exchange with an infragravity frequency f
occurs within the triad (f ′, f − f ′, f), where both f ′ and f − f ′ are in the swell- and
wind-wave frequency range and have opposite signs (i.e., a difference interaction).
Here, nonlinear transfers are assigned to F+, and the small observed changes in
F− are neglected (consistent with the large resonance-mismatch between shoreward-
propagating wind waves and seaward-propagating infragravity waves [Freilich and
Guza, 1984]).
Seaward of the surfzone (xsz > 1, Figure 2-3a), the rates of infragravity energy
flux gain estimated using equation 2.1 are approximately equal to the nonlinear triad
energy exchange rates (equation 2.2) at both low and high tides, consistent with
previous studies of random waves on a natural beach [Norheim et al., 1998, Herbers
et al., 2000]. In the surfzone (xsz < 1, Figure 2-3a), the rates of infragravity energy
flux loss estimated using equation 2.1 also are approximately equal (although shifted
seaward) to the nonlinear triad energy exchange rates (equation 2.2). In particular,
the increased loss rate observed (equation 2.1) during low tide is explained well by
nonlinear transfers (equation 2.2) (Figure 2-3a). On average, when integrated over
the cross-shore transect, nonlinear transfers account for more than half of the net
changes in infragravity energy flux at both low (net energy loss) and high (net energy
gain) tides, and for more than 70% of the tidal modulation of infragravity energy
flux. The nonlinear transfers do not account for all of the changes in infragravity flux
because of a spatial shift in the surfzone (xsz ∼ 0.5, Figure 2-3a) that may be owing
to errors in the WKBJ assumption of slow spatial variations.
Estimates of the biphase
(
φ = arctan Im[B]
Re[B]
)
between infragravity and higher fre-
quency waves are consistent with the known evolution from φ = −180◦ in deep water
(not shown) [Longuet-Higgins and Stewart, 1963] towards φ = 0 with decreasing
depth (Figure 2-4) [Elgar and Guza, 1985, Janssen et al., 2003, Battjes et al., 2004].
In water depths less than about 1 m, φ > 0 and infragravity energy is lost to higher
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Figure 2-3: Shoreward infragravity frequency energy flux gradients dF
+
dx
from (a) obser-
vations and (b) numerical model simulations, and (c) water depth at low (red) and high
(blue) tide versus normalized surfzone location (xsx). The energy flux gradients
dF+
dx
are
estimated from differences in the flux (F+, equation 2.1) between neighboring locations
(red-dotted curves are low tide, blue-dashed curves are high tide) and from nonlinear
transfers (equation 2.2) at each location (red circles are low tide, blue squares are high
tide). The values in (a) are means of 45 1-hr records at each tide stage, with ± 1 standard
deviation shown in the lower left. Tests of resolution sensitivity using a subset (8 cases
each of high and low tide) of the data with 3 additional instruments in the cross-shore
array confirm the validity of the gradient method. The results in (b) are from a numeri-
cally simulated case study [hence the difference in vertical scale from the averages in (a)]
using the nonlinear shallow water equations at low (red dotted) and high (blue dashed)
tide with identical incident waves, but different bottom profiles. Also included in (b) are
estimates of the nonlinear energy transfers (equation 2.2) obtained from the simulated
time series [similar to the symbols in (a)]. The cross-shore coordinate is normalized by the
surfzone width, such that xsz = 0 where the still water intersects the beach and xsz = 1
where waves begin to break.
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frequencies, however the average φ is not significantly different from zero (Figure 2-4).
Although tidal modulations were absent, previous studies on the North Carolina
coast [Henderson and Bowen, 2002] identified similar cross-shore regions and rates of
net infragravity gain and loss, and suggested that bottom drag may account for the
observed losses, even though the drag coefficient necessary to explain the observations
was an order of magnitude larger than estimates from other published studies of the
nearshore region. Equation (2.2) neglects bottom drag, and instead demonstrates
that nonlinear energy exchanges between infragravity waves and higher frequencies
(swell and wind waves) explain most of the infragravity losses, similar to a concurrent
study on the North Carolina coast [Henderson et al., submitted, 2006]. Although the
WKBJ assumption of slow variations used to derive equation (2.2) may be violated
near the shoreline on the steep North Carolina beach (where dh
dx
> 0.04), for the
relatively gently sloping beach here ( dh
dx
< 0.02 for 1.0 < h < 0.3 m during all tidal
levels), deviations owing to the WKBJ approximation are estimated to be less than
10% of the net nonlinear energy transfers at each location.
2.3.2 Numerical Model
The nonlinear transfers that reduce infragravity energy in the surfzone are simu-
lated in a numerical model based on the fully nonlinear shallow water equations with
Lax-Wendroff dissipation at bore fronts and quadratic bottom drag [Wurjanto and
Kobayashi, 1991, Raubenheimer et al., 1995]. The model was initialized with a 1-hr
time series of surface elevation (swell- and wind-wave variance = 500 cm2) calculated
from bottom pressures observed in 2.5-m water depth, and run toward the shoreline
over both the low- and high-tide bottom profiles (Figure 2-3c). The cross-shore struc-
ture of dF
+
dx
in the modeled time series (Figure 2-3b) is similar to that of the average
of the observations (Figure 2-3a), including the enhanced energy loss at low tide.
Estimates of nonlinear transfers within the model time series (using equation 2.2)
account for 80% of the net changes in infragravity energy flux (Figure 2-3b), implying
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Figure 2-4: (a) Estimates of the biphase φ (deg) for triads of waves that include an
infragravity frequency and two higher frequencies (e.g., swell and wind waves) at low (red
×) and high (blue +) tide and (b) bottom profile versus normalized surfzone coordinate.
Solid curves in (a) are average values from the individual estimates (symbols). Only
biphase values (symbols) with corresponding bicoherences significantly different from zero
(95% level, [Elgar and Sebert, 1989]) are shown. The biphase evolves from the theoretical
deep water limit of −180◦ offshore (xsz À 2, not shown) to positive values in the surfzone
where nonlinear losses occur (i.e., the biphase changes sign approximately where the
direction of energy transfer reverses).
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at most a 20% contribution from bottom friction and other loss mechanisms (assuming
a perfect flux budget). The model results are insensitive to reductions in the bottom
drag coefficient from the nominal [Wurjanto and Kobayashi, 1991, Raubenheimer et
al., 1995] value cd = 0.015. In contrast, in model tests with much larger bottom
drag (cd = 0.05, 0.15), bottom dissipation dominates the energy balance, and a tidal
modulation is not predicted. Thus, in the numerical model, tidal modulation is caused
by differences in nonlinear energy transfers over the low- and high-tide bottom profiles
(Figure 2-3c) and not by differences in bottom dissipation.
2.3.3 Bottom Profile Dependence
Nonlinear transfers of infragravity energy to motions with higher frequencies were
observed only in water depths less than about 1 m. The triad interactions are closer
to resonance with decreasing depth and require space to transfer energy [Freilich and
Guza, 1984, Herbers et al., 1995b]. Thus, although the total surfzone width does not
change with the tide, the h−1 dependence of nonlinear triad exchanges (equation 2.2)
predicts enhanced energy transfers over the convex low-tide bottom profile (compared
with the concave high-tide profile), because the horizontal extent (
∫
h−1(x)dx) of the
shallow (h < 1 m) region is greater at low tide (Figure 2-3c). The tidal modulation
of infragravity energy observed in 5-m water depth at eight other transects spanning
1.5 km of the coast is consistent with enhanced nonlinear energy transfers over the
convex low-tide profiles (Figure 2-5).
2.4 Conclusions
Observations and numerical model simulations of ocean surface-gravity waves between
15-m water depth and the shoreline show that in the surfzone nonlinear wave-wave
interactions transfer energy from low-frequency (infragravity), long waves to higher-
frequency motions. The energy transfer is enhanced over the relatively flatter inner-
34
0 100 200 300 400 500 600
0
2
4
6
8
10
12
14
16
18
20
Surfzone ∫ 1/h dx
In
fra
gr
av
ity
 v
ar
ia
nc
e 
(cm
2 )
high tide
low tide
mid tide
Figure 2-5: Infragravity variance observed in 5-m water depth versus the integral of h−1
across the surfzone at eight transects between y = 1.2 and y = 2.7 km along the coast
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are mean values from 50 days of observations at high (blue squares), mid (gray crosses),
and low (red circles) tide. The integral over the region where nonlinear losses occur
(0 < h < 1 m) is largest at low tide because the bottom profile is flatter than at high
tide.
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surfzone bottom profile at low tide, explaining the tidal modulation of infragravity
energy observed in bottom-pressure records on the southern California continental
shelf. Similar tidal changes in beach profiles are common worldwide [Woodroffe,
2002, § 6.2.2], and thus tidal modulation of infragravity energy in the surfzone may
affect nearshore processes and regional seismic activity in many areas.
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Chapter 3
Reflection and tunneling of ocean
waves observed at a submarine
canyon
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Abstract
Ocean surface gravity waves with periods between 20 and 200 s were observed to
reflect from a steep-walled submarine canyon. Observations of pressure and velocity
on each side of the canyon were decomposed into incident waves arriving from distant
sources, waves reflected by the canyon, and waves transmitted across the canyon. The
observed reflection is consistent with long-wave theory, and distinguishes between
cases of normal and oblique angles of incidence. As much as 60% of the energy
of waves approaching the canyon normal to its axis was reflected, except for waves
twice as long as the canyon width, which were transmitted across with no reflection.
Although waves approaching the canyon at oblique angles cannot propagate over
the canyon, total reflection was observed only at frequencies higher than 20 mHz,
with lower frequency energy partially transmitted across, analogous to the quantum
tunneling of a free particle through a classically impenetrable barrier.
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3.1 Introduction
Surface waves with periods between 20 and 200 s (deep water wavelengths between
about 500 and 50,000 m) are important to a range of geophysical processes. These
infragravity motions are observed in seafloor pressure signals in deep [Webb et al.,
1991], coastal [Munk et al., 1956, Tucker, 1950], and nearshore [Guza and Thornton,
1985, Elgar et al., 1992] waters. Recent observations suggest that infragravity waves
force resonant oscillations in the earth’s crust [Rhie and Romanowicz, 2004], deform
ice sheets [Menemenlis et al., 1995], and can be used as proxies to detect tsunamis
[Rabinovich and Stephenson, 2004]. Much of the infragravity energy in the ocean is
generated nonlinearly by swell and wind waves in shallow water [Longuet-Higgins and
Stewart, 1962, Herbers et al., 1995] and reflected seaward at the shoreline [Elgar et
al., 1994]. Close to the shoreline, infragravity waves can contain more than 50% of the
energy of the wave field [Guza and Thornton 1985], drive shallow water circulation
[Kobayashi and Karjadi, 1996], and affect shoreline sediment transport and morpho-
logical evolution [Guza and Inman, 1975, Werner and Fink, 1993]. Consequently,
models for nearshore processes must account for the generation, propagation, and
dissipation of infragravity waves. Here, the strong effect of abrupt shallow water
topography (Figure 3-1) on infragravity wave propagation is shown to be consistent
with theoretical predictions [Kirby and Dalrymple, 1983], and thus can be included
in models for coastal waves, currents, and morphological evolution.
3.2 Theory
The reflection and transmission of long waves (L/h À 1, where L is the wavelength
and h is water depth) at a long, rectangular submarine canyon of width W are given
by [Kirby and Dalrymple, 1983]
R2 =
γ
1 + γ
, T 2 =
1
1 + γ
, (3.1)
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Figure 3-1: Detailed bathymetry (shaded contours) and adjacent coast (tan region) near
a steep-walled submarine canyon on the Southern California coast. The La Jolla canyon
(dark region) is approximately 115 m deep and 365 m wide, and the surrounding shelf
is approximately 20 m deep. The circles on either side of the canyon are locations of
pressure gages and current meters mounted 1 m above the seafloor for 4 weeks during
fall of 2003.
43
and
γ =
(
h2l2 − h2c l2c
2hlhclc
)2
sin2 (lcW ) , (3.2)
where R2 and T 2 are the ratios of reflected and transmitted energy, respectively, to
the incident energy, and energy is conserved such that R2 +T 2 = 1. The cross-canyon
components of the wavenumber vector in water depths within (hc) and outside (h)
the canyon are given by lc and l, respectively. Assuming Snell’s law [Mei, 1989], the
along-canyon component (m) does not change as waves propagate across the canyon.
The dependence of the wavenumber magnitude (k = 2pi/L) on wave radian frequency
(ω) and water depth (h) is given by the shallow water dispersion relation, ω = k
√
gh,
where g is gravitational acceleration.
When waves arrive nearly perpendicular to the axis of the canyon (i.e., normal
incidence), the cross-canyon wavenumber lc =
√
k2c −m2 is real (i.e., kc > m), and
free wave solutions exist both within and outside of the canyon. For normal incidence,
the amount of reflection depends primarily on the width of the canyon relative to the
wavelength (Eq. 3.2). For example, for a rectangular canyon with h = 20 m, hc =
115 m, and W = 365 m (similar to La Jolla Canyon, Figure 3-1), Eqs. 3.1 and 3.2
predict that reflection increases from zero to half of the incident energy as wavelengths
decrease from about 2400 (frequency of 6 mHz) to 600 m (23 mHz) (Figure 3-2a).
Normally incident waves with wavelengths that are integer multiples of twice the
canyon width (W ) are transmitted completely across the canyon (e.g., Figure 3-2a,
where R2 = 0 and T 2 = 1 for 40 mHz waves [Lc ≈ 730 m] normally incident to La
Jolla Canyon [W = 365 m]). The absence of reflection is the result of a standing wave
pattern between the canyon walls that is in phase with the incident waves, allowing
the amplitude at the far side of the canyon to equal the amplitude at the near side
of the canyon [Mei, 1989, Meyer, 1979].
In contrast, if waves approach the canyon axis obliquely, defined here as kc < m, so
that lc =
√
k2c −m2 is imaginary, then no free wave solution exists in the deep water
over the canyon, and nearly all the incident energy is reflected (Figure 3-2b). In the
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Figure 3-2: Reflection coefficients R2 versus frequency (mHz) and period (s) for (a)
normally and (b) obliquely incident waves. The curves are based on linear long-wave
theory [Kirby and Dalrymple, 1983] for a rectangular approximation of the canyon cross-
section with depth h = 115 m and width W = 365 m. Theory curves are similar for
other rectangular approximations of the canyon profile that preserve the cross-sectional
area, and also are similar over the range of angles in each category (i.e., normal and
oblique). Circles are the averages of the 50 total nonlinear inverse estimates of R2 at
each frequency and vertical lines are ± one standard deviation of the estimates. Prior to
averaging over cases of normal incidence (typically about 20 cases) or cases of oblique
incidence (typically about 30 cases), individual R2 values are weighted by the narrowness
of the corresponding directional spectrum, such that R2 for narrow directional spectra are
weighed more heavily than R2 for broad spectra.
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long-wave approximation, the critical angle for total reflection, |θ| = arcsin
(√
h/hc
)
,
is independent of frequency. For the rectangular idealization of La Jolla Canyon
(Figure 3-1), |θ| ≈ 25◦. However, for wavelengths (Lc) greater than about 1600 m
(i.e., frequencies less than about 20 mHz in Figure 3-2b), a decaying (i.e., evanescent)
wave over the finite-width canyon excites a free wave at the far side of the canyon
[Mass, 1996], resulting in partial transmission of wave energy (Figure 3-3a).
The reflection and transmission of wave energy at the canyon (Figure 3-3a) is
equivalent to “frustrated total internal reflection” in optics and particle tunneling
in quantum mechanics [Krane, 1996, §5.7]. For example, the solution for the quan-
tum tunneling of a free particle with energy E through a potential energy barrier of
amplitude U and width W (Figure 3-3b) can be written by replacing Eq. 3.2 with
γ =
U2
4E(E − U) sin
2
(
2piW
λ
)
, (3.3)
where λ is the de Broglie wavelength of the particle. The resulting reflection and
transmission coefficients (Eq. 3.1) describe the probability of observing the particle on
either side of the barrier. To the wavelike properties (e.g., λ) of the quantum particle,
the barrier acts as a one-dimensional finite-width change in refractive medium [Krane,
1996]. When the energy of the particle is greater than the energy of the barrier
(E > U), the particle may propagate across the barrier, similar to a wave of normal
incidence (kc > m) propagating across the canyon. In contrast, when E < U , the
barrier is classically impenetrable, similar to a wave approaching the canyon at an
oblique (kc < m) angle. Although a particle with E < U cannot be observed within
the barrier region, there is a nonzero probability of observing the particle across the
barrier when the de Broglie wavelength (λ) is large compared to the width of the
barrier (analogous to the partial transmission of obliquely incident waves across a
finite-width submarine canyon).
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Figure 3-3: Schematic diagrams showing partial reflection of an oblique wave by a sub-
marine canyon and quantum tunneling across an energy barrier. (a) Partial reflection of
an obliquely incident wave (black curve) over the measured canyon bathymetry (shaded
surface). A decaying wave over the canyon excites a transmitted wave (blue curve) on the
far side, even though there is no propagation within the canyon. The transmitted wave
(blue curve) preserves the angle θ relative to the cross-canyon coordinate y, while the
reflected wave (red curve) reverses the angle. Depth is measured in meters below mean
sea level, and a rectangular idealization of the canyon cross-section with h=20 m, hc=115
m, and W=365 m is shown as a grey dashed line between the south (s) and north (n)
instrument sites. (b) Quantum tunneling of a free particle (yellow curve) with energy E
through a finite width W region of potential energy U , where E < U and the region is
classically forbidden. The scale of the decaying solution in the forbidden region is set by
the de Broglie wavelength of the particle.
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3.3 Field Observations
To test Eqs. 3.1 and 3.2 in the ocean, measurements of surface-wave-induced pressure
and velocity were made with colocated sensors deployed in 20-m water depth (tide
range about 1 m) approximately 200 m north and 100 m south of La Jolla Submarine
Canyon, near San Diego, California (Figure 1) for 4 weeks during the fall of 2003.
Infragravity wave (5 to 50 mHz) significant heights (4 times the sea-surface elevation
standard deviation) ranged from 0.01 to 0.20 m. Reflection coefficients were esti-
mated from the 50 (of 327 total) two-hr long time series (sampled at 1000 mHz) with
infragravity significant heights greater than 0.05 m at both sides of the canyon. For
records with significant heights below 0.05 m, estimates of reflection coefficients may
by contaminated by noise in the pressure and velocity measurements.
In contrast to the unidirectional waves used in a laboratory investigation of Eqs.
3.1 and 3.2 [Kirby and Dalrymple, 1983], ocean waves can have broad directional
distributions that differ on each side of the canyon. The random wave fields on
the north (n) and south (s) sides of the canyon consist of incident, reflected, and
transmitted (from the other side of the canyon) waves (Figure 3-3a), such that the
surface elevations ηs and ηn can be written as integrals over wave components at each
frequency and direction, given by
ηs =
∫
ω
∫ pi
2
θ=−pi
2
ds
(
ei(mx+ly−ωt) +Rse
i(mx−ly−ωt+ψs)
)
+ dn
(
Tne
i(mx−ly−ωt)
)
, (3.4)
ηn =
∫
ω
∫ pi
2
θ=−pi
2
dn
(
ei(mx−ly−ωt) +Rne
i(mx+ly−ωt+ψn)
)
+ ds
(
Tse
i(mx+ly−ωt)
)
, (3.5)
where ds and dn are the complex-valued differential amplitudes of the incident wave
components at radian frequency ω and direction θ relative to the local cross-canyon
coordinate y. The variables Rs, Rn, Ts, and Tn are reflection and transmission coef-
ficients, ψs and ψn are the phase shifts of the reflected waves relative to the incident
waves, x is the local along-canyon coordinate, and t is time. Reflection is assumed
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to be specular, and thus the sign of the cross-canyon wavenumber (l = k cos θ) is re-
versed upon reflection, while the sign of the along-canyon wavenumber (m = k sin θ)
is preserved (Figure 3-3a). In this two-quadrant (− pi
2
< θ < pi
2
) system, the direction
of y propagation is given explicitly by the sign of the exponent in e±ly because l is
always positive.
3.4 Methods
In contrast to methods used to estimate the amount of reflection from impermeable
structures [Dickson et al., 1995], estimation of the reflection of a canyon must also
account for transmission. Here, inverse techniques [Coleman and Li, 1996] are used
to determine the reflection (Rs, Rn) and transmission (Ts, Tn) coefficients, as well as
the incident directional spectra (Ds, Dn) and reflected phases (ψs, ψn) of the wave
fields on the south (s) and north (n) sides of the canyon that are most consistent with
observations of pressure and velocity.
The cross-canyon velocity v, along-canyon velocity u, and pressure p fields induced
by surface waves (Eqs. 3.4 and 3.5) can be determined from a linear, hydrostatic
momentum balance (appropriate for infragravity waves in 20-m water depth) given
by
∂v
∂t
= −g∂η
∂y
,
∂u
∂t
= −g ∂η
∂x
, p = ρgη, (3.6)
where g is gravitational acceleration and ρ is density.
Substituting ηs and ηn into the momentum balance (Eq. 3.6), using the Fourier
transformed result, and applying the identities 2i sin(iα) = e−α − eα and 2 cos(iα) =
eα + e−α yields the following expressions for the frequency cross-spectra of the colo-
cated pressure and velocity time series south (s) of the canyon
〈ps(ω) ·u?s (ω)〉=ρgκ
∫
θ
sin θ
[
DnT
2
n +Ds
(
1 +R2s + 2Rs cosψs
)]
dθ, (3.7)
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〈ps(ω)·v?s (ω)〉=ρgκ
∫
θ
cos θ
[
−DnT 2n +Ds
(
1−R2s + i2Rs sinψs
)]
dθ, (3.8)
〈us(ω)·v?s (ω)〉=κ2
∫
θ
sin θ cos θ
[
−DnT 2n +Ds
(
1−R2s +i2Rs sinψs
)]
dθ, (3.9)
where κ = gk
ω
, ? is the complex conjugate, and 〈〉 is the expected value. Similarly,
the auto-spectra are
〈ps(ω)·p?s (ω)〉=(ρg)2
∫
θ
[
DnT
2
n +Ds
(
1 +R2s + 2Rs cosψs
)]
dθ, (3.10)
〈us(ω)·u?s (ω)〉=κ2
∫
θ
sin2 θ
[
DnT
2
n +Ds
(
1 +R2s + 2Rs cosψs
)]
dθ, (3.11)
〈vs(ω)·v?s (ω)〉=κ2
∫
θ
cos2 θ
[
DnT
2
n +Ds
(
1 +R2s − 2Rs sinψs
)]
dθ, (3.12)
The incident wave directional spectra Ds and Dn are defined as
Ds(ω, θ) =
〈ds · d?s〉
dωdθ
, (3.13)
Dn(ω, θ) =
〈dn · d?n〉
dωdθ
. (3.14)
The incident wave fields on the north and south sides of the canyon are independent
of each other, and thus 〈ds · d?n〉 = 〈dn · d?s〉 = 0.
Expressions for cross- and auto-spectra at the north side of the canyon are obtained
by exchanging all subscripts (s↔n) in the expressions above (Eqs. 3.7-3.12) and
changing the sign of the integrand in Eqs. 3.8 and 3.9.
The real-valued terms describe the progressive wave field, and the imaginary (i)
terms (i.e., the quadrature in the cross-spectra 〈p ·v?〉 and 〈u ·v?〉) describe the partial
standing wave patterns owing to sums of incident and reflected waves. In practice,
the expressions for cross- and auto-spectra apply only to observations near the canyon
walls, because over large distances (i.e., many wavelengths) standing wave patterns
are obscured within a finite-width frequency band.
For computational efficiency, the incident directional spectra (Eqs. 3.13 and 3.14)
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at each frequency band are modeled as [Donelan et al., 1985]
Ds(θ) = Ms cos
2Ss
(
θ −Θs
2
)
, (3.15)
Dn(θ) = Mn cos
2Sn
(
θ −Θn
2
)
, (3.16)
where Θs and Θn are the centroidal directions, Ss and Sn describe the spread in di-
rection about the centroid, and Ms and Mn are the spectral peak values. The results
are insensitive to the specific unimodal shape used for the incident directional spec-
tra. The centroidal directions Θs and Θn were used to separate the data sets (at
each frequency band) into normally (|Θ| < 20◦) and obliquely (|Θ| > 30◦) incident
waves. Assuming directionally narrow spectra, the reflection (Rs, Rn) and transmis-
sion (Ts, Tn) coefficients are assumed to be independent of direction at each frequency.
The phase shifts ψs and ψn of the reflected waves relative to the incident waves
were allowed to vary over each directional spectrum by assuming
ψs(θ) = 2∆ysk cos θ, (3.17)
ψn(θ) = 2∆ynk cos θ, (3.18)
where ∆ys and ∆yn are the (unknown) distances between the reflector and the in-
strument locations (i.e., ψ is the phase change associated with propagating toward
and back from the reflector).
Assuming energy is conserved (i.e., R2s + T
2
s = 1, R
2
n + T
2
n = 1), the inverse
method finds the north (n) and south (s) values of Θ, S,M,R, and ∆y that are most
consistent with the cross- and auto-spectra of the observed time series by minimizing
a normalized root-mean-square error [Dickson et al., 1995]
² =
√√√√∑(obs− derived) · (obs− derived)?∑
(obs)(obs)?
, (3.19)
51
where
∑
is the sum over the six auto- and cross-spectral values from the south side
(Eqs. 3.7-3.12) and the six spectral values from the north side. Applying recent
improvements to Newton’s method [Coleman and Li, 1996], the inverse algorithm
begins with an initial guess for each unknown, and solves a locally linearized version
of the equations for the cross- and auto-spectra to find the small change in each
unknown that produces the greatest reduction in ² (i.e., the method iterates down-
slope in ² until the minimum is found). Initial guesses for Θ, S, and M are provided
by estimates of directional moments of the wave field based on the measured pressure
and velocities [Kuik et al., 1988], and the initial guesses for R are based on long-wave
theory [Kirby and Dalrymple, 1983]. The results (Figure 3-2) are not sensitive to the
initial values, and the same inverse solutions are obtained with random initial guesses
(although computational time is increased).
3.5 Results
For waves normally incident to the canyon axis, reflection coefficients estimated with
the inverse method are consistent with long-wave theory (Figure 3-2a), including
the nearly complete transmission of waves with wavelength twice the canyon width
(W = 365 m, Lc ≈ 730 m, frequency = 40 mHz). When unidirectional waves are
normally incident on each side of the canyon (i.e., symmetric normal incidence),
a forward calculation can be used to estimate reflection, and the few cases that
satisfied these criteria also are consistent with long-wave theory (not shown). Inverse
estimates of reflection coefficients for waves obliquely incident to the canyon axis also
are consistent with theory, including the nearly complete reflection of waves with
frequencies above about 20 mHz, and the tunneling that results in reduced reflection
of lower frequency waves (Figure 3-2b).
The observed reflection of obliquely incident waves is somewhat less than theoret-
ical predictions (Figure 3-2b), possibly because the neglected non-uniformity of the
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La Jolla Canyon profile (Figure 3-1) becomes increasingly important as the incidence
angle increases. The reduction in the sharpness of the canyon results in reduced re-
flection, and also may contribute to the scatter within the reflection coefficients at
each frequency band (Figure 3-2). Directionally spread wave fields that simultane-
ously contain energy at both normal and oblique angles likely increase the scatter. To
reduce this effect, the spreading parameters (Ss, Sn) were used to weight individual
estimates of R2 by
R2avg =
∑
SsR
2
s + SnR
2
n∑
Ss + Sn
(3.20)
to calculate an average value R2avg at each frequency from the collection of data runs
(e.g., the symbols in Figure 3-2).
Statistical fluctuations in the cross-spectra of finite-length data records may pro-
duce additional scatter in the results [Wunsch, 1996], and the residual errors (Eq.
3.19) approximately follow the expected χ2 distribution of such fluctuations. The
percent of observed variance captured by the inverse method (defined as 100×[1−²2])
is 90% when averaged over all infragravity frequency bands for all 50 data sets.
Estimates of the phase differences ψs and ψn between incident and reflected waves
are consistent with the travel time required for a wave to propagate to the reflector
and back (Figure 3-4), providing a consistency check on the inverse solutions. The
small deviations from theoretical phase shifts may be owing to errors in approximating
the sloped canyon walls as vertical. Further investigation of the reflected wave phase
lags could be used to investigate the effect of a spatially distributed reflector (e.g.,
reflection by sloping, irregularly shaped walls). Alternatively, the inverse method
could be restructured as an over-determined set of equations by specifying ψs and ψn
as known from measurements of ∆ys and ∆yn (i.e., assuming Eqs. 3.17 and 3.18 are
valid), but at the expense of being able to verify the solutions.
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Figure 3-4: Distance (m) between the reflector and the instrument location versus fre-
quency (mHz) and period (s) at the (a) south and (b) north sides of the canyon. Symbols
are estimates from the nonlinear inverse method and solid lines are the measured dis-
tances from the steepest portion of each canyon slope to the instrument site at that side.
Instrument locations were determined within ± 10 m (the width of the solid lines) with
differential GPS. The theory assumes that waves propagate from the instrument site to a
vertical-canyon-wall reflector along a line of constant y and back, neglecting possible phase
shifts at the sloped walls. Vertical lines are ± one standard deviation of the estimates.
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3.6 Conclusions
During the 4-week observational period, on average more than half the incident in-
fragravity wave energy was reflected by La Jolla submarine canyon. Although low
frequency (less than about 20 mHz) waves arriving at angles oblique to the canyon axis
cannot propagate within the canyon, a tunneling phenomenon predicts that reflection
is only partial (i.e., some energy is transmitted across the canyon), consistent with
the observations. These results suggest that reflection of directionally spread waves
by complex shallow water bathymetry should be included in models of nearshore
processes and considered as a potential shore protection method.
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Chapter 4
Conclusions and Regional
Description
The primary result of this thesis research is an improved understanding of the effects
of bottom topography on the propagation of infragravity waves. Depending on the
bottom profile, in shallow water (h < 3 m) nonlinear interactions with swell and
wind waves result in net energy transfer to or from infragravity waves [Thomson et
al., 2006]. In deeper water (h > 3 m), infragravity waves are partially reflected from,
and partially transmitted across, a steep-walled canyon, consistent with linear long-
wave theory [Thomson et al., 2005]. In addition, the extensive field observations can
be used to investigate the regional propagation of infragravity waves. In particular,
the results can be combined with refraction models to simulate the propagation of
infragravity waves over complex shallow water bathymetry.
4.1 Shoaling and Unshoaling
Studies on several beaches have found that infragravity motions are predominantly
cross-shore oriented [Guza and Thornton, 1985, Sheremet et al., 2002, Reniers et al.,
2006], and thus cross-shore approximations, as in Chapter 2, are common to many in-
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fragravity analyses. The NCEX observations are consistent with this approximation,
because, on average, alongshore motions contributed only 20% of the total infragravity
velocity variance. In addition, at the nearby Torrey Pines State Beach (y = 3.0 km,
Figure 1-3), alongshore propagating edge waves detected in shallow (h < 3 m) wa-
ter contained only 15% of the total infragravity pressure variance [Oltman-Shay and
Guza, 1987]. However, at offshore locations (h > 5 m, |x| > 500 m, Figure 1-3),
NCEX observations of infragravity velocities were closer to isotropic (alongshore mo-
tions were 40%, on average, of the total velocity variance), consistent with previous
observations of cross-shore dominated wave fields that became directionally broader
during seaward refraction [Herbers et al., 1995b].
Similar to previous results, NCEX observations of total infragravity energy across
the shelf (Figure 4-1) are consistent with freely propagating waves that shoal and
unshoal within the theoretical limits of h−1/2 for cross-shore propagating waves [El-
gar et al., 1992, Figure 3] and h−1 for isotropic edge waves [Herbers et al., 1995a,
Figure 7]. Contributions from forced, or group bound, waves that shoal proportional
to a theoretical maximum h−5 [Longuet-Higgins and Stewart, 1962] are small every-
where except the surfzone. Seaward propagating free waves are a significant portion
of the total infragravity energy (e.g., Figure 2-2), and unshoal during refraction over
the bathymetry.
4.2 Refraction and Canyon Reflections
The propagation of swell outside the surfzone is modeled accurately by the refraction
of energy-flux conserving rays [Munk and Traylor, 1947, O’Reilly and Guza, 1993;
and many others]. Here, a refraction model is presented that describes the seaward
radiation of infragravity waves and accounts for partial reflections and transmissions
at the Scripps and La Jolla canyons. The model is initialized with observations in
2.5 m depth (nominally outside the surfzone), assuming half the variance is radiated
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Figure 4-1: Infragravity energy (cm2) observed at h = 15 m versus infragravity energy
(cm2) observed at h = 5 m along the northern transect (y = 2.7 km, Figure 1-3). The
least squares linear fit (solid line, slope = 2.4, correlation = 0.95) to the hourly data
(symbols) is between the theoretical h−1/2 shoaling of cross-shore propagating free waves
(lower dashed line, slope = (5/15)−1/2 = 1.7) and the theoretical h−1 shoaling of isotropic
free edge waves (upper dashed line, slope = (5/15)−1 = 3). The observations are far from
the theoretical h−5 shoaling of cross-shore propagating forced waves (dotted line, slope
= (5/15)−5 = 243). Some spread is expected owing to tidal fluctuations (1 m), which
change ratios of instrument depths slightly (but not the absolute difference in depth),
such that
(
5±1
15±1
)−1/2
= 1.7± 0.1 and
(
5±1
15±1
)−1
= 3.0± 0.2.
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seaward (e.g., reflection coefficient R2 = 1). Subsequent reflections of energy that
returns to the shoreline (along refractively trapped rays) are neglected.
Rays are traced [original code by M. Orzech, Naval Postgraduate School] using
xn+1 = xn + ds cos(θn) and yn+1 = yn + ds sin(θn) (4.1)
where x and y refer to the NCEX grid (Figure 1-3), n is the integer number of ray
segments along a ray path, ds is the length (5 m) of a ray segment, and the angle θ
is determined by [Mei, 1989, §3.2]
θn+1 = θn +
ds√
gh
(
sin(θn)
∂
√
gh
∂x
− cos(θn)∂
√
gh
∂y
)
, (4.2)
using the local depth h = h(xn, yn). Initial angles, θ0, are obtained from the ob-
servations or are prescribed. The partial reflections and transmissions are predicted
by Eqs. 3.1 and 3.2, using rectangular approximations of the canyon cross-sections.
Energy flux is conserved along each ray by shoaling and unshoaling proportional to
h−1/2. Energy flux also is conserved at each canyon where incident rays are split into
reflected (at specular angles) and transmitted (angle conserved across the canyon)
portions that continue to refract until returning to the surfzone (re-reflections at the
shoreline are neglected) or reaching the deep water beyond the shelf. For example,
ray paths of 50 s period infragravity waves propagating seaward from 2.5 m depth at
an initial angle θ0 = −20◦ from shore normal are partially reflected by Scripps canyon
(Figure 4-2), reducing the amount of wave energy that propagates southward along
the shelf and refracts back to the shoreline.
To study the regional distribution of infragravity waves, ray paths are calculated
for all possible frequencies (0.0068 Hz resolution) and initial angles (5◦ resolution)
from the 2.5 m isobath. Each ray is assigned an initial relative energy flux F and
direction θ0 based on observations in 2.5 m depth, using the unimodal directional
spectrum given by Eqs. 3.15 and 3.16, and interpolated to evenly spaced (50 m)
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Figure 4-2: Ray paths (black curves) of 50 s period infragravity waves radiated seaward
from the edge of the surfzone (2.5 m depth, orange dots) at θ0 = −20◦ from shore
normal. The width of each ray path is scaled by (a) energy flux, which is conserved after
initialization in 2.5 m depth, and (b) energy, which is proportional to h−1/2 during refrac-
tion. Applying the long-wave theory verified in Chapter 3, energy flux (and corresponding
ray width) is conserved when rays are divided into partially reflected (red curves) and
transmitted (blue curves) paths at the canyons.
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locations along the 2.5 m isobath. Ray paths are traced seaward from 2.5 m depth,
and then summed over a 50-m resolution grid, assuming a linear superposition of the
refracted wave components. Approximating the depth h as constant within each grid
cell, the infragravity variance is calculated by summing contributions
∑
Fds(gh)−1/2
of ray segments passing thru each grid cell [Bouws and Battjes, 1982].
The modeled variance distribution is compared with the total infragravity variance
observed at offshore instrument sites (grouped by depth for plotting, Figures 4-3 and
4-4). A normalized root-mean-square error ² (Eq. 3.19) is used to compare the
modeled variance with the observed variance (Figure 4-5). The total variance is used
because the dominant contributions to the shelf infragravity wave field are free waves
(e.g., Figure 4-1) generated in the nearby surfzone. Additional free wave energy from
remote sources (e.g., surfzones across the Pacific Ocean [Webb et al., 1991]), as well
as local group-bound contributions, are assumed to be small. Several grid resolutions
(150, 100, 50, 25 m) and ray segment lengths (ds = 5, 10, 20 m) were tested, with
the final 50 m grid and 5 m ray segment values chosen as the best combination of
accuracy and computational efficiency. The results are insensitive to the type (e.g.,
linear, quadratic, cubic spline) of interpolation used for producing initial conditions.
4.2.1 Case Study
In a case study with narrow-banded directional spectra (θ0 = −20 ± 15◦) radiated
seaward from the surfzone, canyon effects (reflection and transmission) are important
to the distribution of infragravity variance (Figure 4-3). If canyon effects are neglected
(i.e., paths include refraction only), the energy flux along paths that intersect the
canyon (e.g., Figure 4-2) is propagated southward along the coast (i.e., not reflected),
and the resulting infragravity variance is overpredicted at most sites (Figure 4-3).
Although as large as a factor of two in places (e.g., y = 1100 m on the 5 m isobath,
Figure 4-3b), the overprediction typically is not severe because Scripps canyon is
narrow (∼ 100 m wide) relative to infragravity wavelengths (∼ 500 m), and thus
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Figure 4-3: Observed (symbols) and modeled (curves) infragravity variance (cm2) versus
alongshore distance y (m) at four depths h = (a) 2.5, (b) 5.0, (c) 10.0, (d) 15.0 m for
12 hrs spanning October 18-19, 2003. In this directionally narrow-banded case study, a
ray tracing model that includes reflection and transmission at the canyons (solid black
curves) has more skill than a refraction-only ray tracing model (dashed green curves).
The models are initialized by interpolating the observations along the 2.5 m isobath (a)
and radiating rays seaward according to the 12 hr averaged θ0 = −20 ± 15◦ directional
spectrum estimate, where θ is measured relative to shore normal.
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modeled reflections are small (< 30%) for most angles of incidence (Eq. 3.1). Likely,
canyon effects would be more significant (e.g., reflections up to 95%) in the vicinity
of the wider (∼ 350 m) La Jolla Canyon, but there were only limited observations for
comparison, and none for surfzone initialization, south of the Scripps Pier (y < 0.0 km,
Figure 1-3).
4.2.2 Climatology
When averaging over almost two months of data to examine an approximate clima-
tology of infragravity variance in the region surrounding Scripps canyon, the averaged
directional spectrum radiated seaward from the surfzone (i.e., the initial condition)
is broad and symmetric (average θ0 = 0 ± 60◦), and the corresponding distribution
from the ray tracing model is insensitive to canyon reflection effects (Figure 4-4).
The alongshore gradients of infragravity energy, which are established in the surf-
zone by the incident swell energy, are reduced during the seaward propagation and
unshoaling of a wave field with broad-band directional spectra (i.e., the curves in
Figure 4-4 become flatter as water depth increases). Thus, the averaged distribution
demonstrates only the indirect effect of the canyons, because refraction of incoming
swell over the canyons affects the amount of energy available for infragravity wave
generation, but does not affect the averaged outgoing infragravity wave propagation.
Individual ray paths, however, can undergo significant reflections (e.g., Figure 4-2),
and because energy propagating along individual ray paths could be important in
forcing resonant seiche modes of harbors and bays, reflections should be included in
models of broad-band wave propagation over steep bathymetry.
4.2.3 Model Skill
Comparisons of the observed infragravity variance with model simulations of variance
indicate that reflection and transmission at the canyons are important near Scripps
canyon (Figure 4-5a), but decrease in importance with distance from the canyons
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Figure 4-4: Average observed (symbols) and modeled (curves) infragravity variance (cm2)
versus alongshore distance y (m) at four isobaths h = (a) 2.5, (b) 5.0, (c) 10.0, (d) 15.0 m
for the entire Nearshore Canyon Experiment (fall 2003). Canyon effects are blurred when
results are integrated over directionally broad-banded spectra. When initialized with an
averaged frequency-directional spectrum, a ray tracing model that includes reflection and
transmission at the canyons (solid black curves) has skill similar to that of a refraction-
only ray tracing model (dashed green curves). The models are initialized by interpolating
the average variance observed along the 2.5 m isobath (a) and radiating rays seaward
according to an average θ = 0± 60◦ directional spectrum estimate, where θ is measured
relative to shore normal. Averaging the results from all the individual cases using case-
by-case initial conditions results in a similar description of the climatology.
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Figure 4-5: Modeled versus observed infragravity energy (cm2) in 15-m water depth
(a) near a canyon and (b) far from the canyons, and (c) normalized root-mean-square
model errors versus alongshore distance. Results from the refraction model with canyon
reflections (black filled circles) are scattered around a 1:1 agreement (gray lines) with
observations at both locations (a and b). Results from the refraction model without
canyon reflections (green open circles) agree with observations at locations far from the
canyons (b), but not at locations near a canyon (a). The depth-averaged normalized root-
mean-square error (c) is small along the entire array for the refraction model with canyon
reflections (black curve), and large in the vicinity of the La Jolla and Scripps canyons for
the refraction-only model (green dashed curve).
68
(Figure 4-5b). Averaging over all 1-hr records (1100 total) and all offshore instrument
locations (40 total), including canyon effects in the refraction simulations results in
improved model skill within one km (i.e., a few wavelengths) of the canyons, where
the normalized model error remains small only if reflection and transmission are
included (Figure 4-5c). On average, the refracted-reflected-transmitted ray tracing
model explains 84% of the observed variance (defined as 100 × [1 − ²2]), while the
refraction-only version explains 70% of the variance. Canyon reflection effects are
found to be most significant for cases with narrow-banded initial directional spectra.
For directionally broad-banded wave fields, the energy is spread more evenly over the
ray paths at each grid cell, and the modeled variance distributions are similar with
or without accounting for reflection and transmission at the canyons.
4.3 Suggested Applications
The results presented in this thesis can be used to improve the accuracy of nonlinear
wave models in the surfzone and to extend the validity of linear wave models to
regions of steep topography. The results could be incorporated into a comprehensive
coastal wave model in which:
• swell waves are refracted shoreward from a single offshore measurement,
• infragravity wave energy is gained by nonlinear interactions in the shoaling
region,
• infragravity wave energy is gained and lost by nonlinear interactions in the
surfzone (including tidal modulations owing to variable beach slopes),
• the resulting total wave energy forces a nearshore circulation and corresponding
sediment transport model,
• infragravity waves are reflected from the beach and radiated seaward,
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• seaward rays are refracted and partially reflected over topography, and
• the resulting regional infragravity distribution forces bottom-pressure fluctua-
tions (observed in seismic records) and possible harbor and bay resonances.
The improved predictions of infragravity waves within such a comprehensive model
might be of use in coastal engineering and management applications. At present,
the predictions of nearshore conditions that are used for recreational, commercial,
or defense related sites are semi-empirical and remain prone to errors because of
deficiencies in modeling the underlying physics. Infragravity wave dynamics must
be understood before these models can predict nearshore waves, currents, and mor-
phology accurately. For example, infragravity edge waves can support alongshore
pressure gradients [Mei, 1989, § 4.8] that can force circulation patterns, including the
episodic and hazardous seaward flows know as rip currents [MacMahan et al., 2004].
In addition, infragravity motions dominate the run-up of water onto the beach face
[Raubenheimer and Guza, 1996], and are associated with morphological features such
as beach cusps [Ciriano et al., 2005] and flooding during storms. Farther offshore,
infragravity motions contaminate ocean bottom seismology measurements used to de-
tect tsunamis [Mofjeld et al. 2001] and to predict microseisms [Rhie and Romanowicz,
2004].
In addition to modeling studies and predictive applications, future work might
include investigations of submarine canyons as shoreline protection systems, possible
feedbacks between tidal modulations and nearshore bottom profiles, the momentum
balance associated with the reversal of nonlinear transfers in shallow water, and infra-
gravity wave participation in the overall energy cascade to higher frequencies during
surfzone wave breaking [Herbers et al., 2000].
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